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We study the topological pump for a lattice fermion model mainly in three spatial dimensions.
We first calculate the U(1) current density for the Dirac model defined in continuous space-time to
review the known results as well as to introduce some technical details convenient for the calculations
of the lattice model. We next investigate the U(1) current density for a lattice fermion model, a
variant of the Wilson-Dirac model. The model we introduce is defined on a lattice in space but in
continuous time, which is suited for the study of the topological pump. For such a model, we derive
the conserved U(1) current density and calculate it directly for the 1+1 dimensional system as well
as 3 + 1 dimensional system in the limit of the small lattice constant. We find that the current
includes a nontrivial lattice effect characterized by the Chern number, and therefore, the pumped
particle number is quantized by the topological reason. Finally we study the topological temporal
pump in 3+1 dimensions by numerical calculations. We discuss the relationship between the second
Chern number and the first Chern number, the bulk-edge correspondence, and the generalized Streda
formula which enables us to compute the second Chern number using the spectral asymmetry.
I. INTRODUCTION
In a topological background such as a soliton or a
vortex, the vacuum state of the Dirac fermion shows
a nontrivial topological structure.1,2 One of famous ex-
amples in condensed matter physics is the mid-gap
states of the SSH soliton,3,4 which can be effectively de-
scribed by a Dirac fermion model with a nontrivial mass
term.5 Recent discovery of topological insulators6,7 tells
us that topological states of matter are richer than we
expected,8,9 and the Dirac fermion model is very conve-
nient for the classification of symmetry classes.10,11
The topological pump in one dimensional (1D) systems
has been proposed by Thouless,12 and experimentally ob-
served quite recently.13,14 This can also be described very
simply by the Dirac fermion, as already seen in Ref.1.
The topological pump has been generalized to three di-
mensional (3D) systems.7 The 3D pump is unique, since
it is a part of topological magneto-electric effect,7 which
has close relationship with the chiral anomaly of the
Dirac fermion.2 Here, the pumping parameter plays a
role of the axion field.2 The magneto-electric response in
generic systems has also been studied by developing the
theory of the orbital magneto-electric polarization.15–17
The chiral magnetic effect (CME), originally proposed
for the quark-gluon plasma,18 has also been attracting
much interest in condensed matter physics. In particu-
lar, the discovery of the Weyl semimetal19–24 has led our
interest to the observation of the chiral anomaly in a crys-
tal through the magneto-electric response,25–27 including
the CME,28–37 the anomalous Hall effect (AHE),29,36–41
axial-magneto-electric effect,42,43 and Z2 anomaly in
Dirac semimetals,44 etc. Thus, the chiral anomaly and
its related phenomena have been one of hot topics in con-
densed matter physics.
In this paper, we examine mainly the topological pump
in a 3D system using a lattice fermion model. In the
next section II, we present the U(1) current of the Dirac
fermion in continuous space-time. Here, some notations
are fixed and some techniques convenient to the lattice
model are given. In Sec. III A, we introduce a Wilson-
Dirac model defined on the spatial 1D or 3D lattice but in
continuous time to study the topological temporal pump
in Sec. IV. Throughout the paper, this model is sim-
ply referred to as Wilson-Dirac model. In Sec. III B, we
derive the conserved U(1) current density for the Wilson-
Dirac model. Because of continuous time, the charge den-
sity is the same as that of the Dirac fermion, whereas the
current density includes some lattice effects. Therefore,
we calculate the charge density and the current density
separately in Sec. III C and Appendix A. In Sec. III D,
we calculate the Chern numbers exactly. In particular,
we show that the 3D model has nontrivial second Chern
number 1 or −2. It should be noted that such second
Chern numbers are due to the Berry curvature of the
wave function in the zero field limit. Derivation of the
exact conserved current and the second Chern number for
the lattice Wilson-Dirac model are one of main results of
the present paper.
In Sec. IV, we restrict our discussions to the temporal
3D pump, and present some numerical results in detail.
Various numerical analyses of the 3D pump which give
physical interpretations of the exact results in Sec. III
are another main results of the present paper. In Sec.
IVA, the number of pumped particles is explicitly de-
rived in the case of a static and uniform magnetic field.
This number is proportional to the second Chern number
as well as the magnetic field and the system size.7 In 3D
systems, particles are pumped toward the direction of the
applied magnetic field.7 Therefore, it can also be viewed
as a 1D pump. Based on the Thouless formula for the
1D pump,12 the number of the pumped particle is red-
erived, which is given by the first Chern number. Here,
the first Chern number is computed using the wave func-
tion under the magnetic field. The equivalence of the two
formula gives an interesting relation between two kinds
of Chern numbers. We present numerical calculation of
the first Chern number, and show that this relation is
2valid as far as the mass gap is open. The relationship
between the second Chern number associated with the
Berry curvature under zero magnetic field and the first
Chern number associated with the Berry curvature under
a finite magnetic field is one of the main results.
In Sec. IVC, we consider the system with boundaries
perpendicular to the magnetic field. Then it is possi-
ble to define the center of mass of the occupied particles
along the pumped direction, which played a central role
in the experimental observation of the 1D pump.13,14,45
We show that the bulk-edge correspondence recently es-
tablished for the 1D pump46 is also valid for the 3D
pump. Thus, from the behavior of the center of mass
as the function of time, we can compute the number of
the pumped particle, and hence the second Chern num-
ber.
Finally in Sec. IVD, we give an alternative method
of computing the second Chern number (and hence, the
number of the pumped particles) using the generalized
Streda formula.47 This method is based on the four
dimensional Hamiltonian in discrete time whose spec-
tral asymmetry gives the chiral anomaly for the lattice
fermion. Since the generalized Streda formula is the only
one method of numerically computing the second Chern
number for generic models, the success in reproducing
the exact Chern number for the present model is of sig-
nificance. In Sec. V, we give summary and discussion
including outlook.
II. DIRAC MODEL
The main topic of this paper is to calculate the U(1)
current for the Dirac fermion on the lattice, including
external scalar and pseudscalar fields which serve as
nonuniform mass terms. Calculations on the lattice, how-
ever, is quite complicated, so that we first examine the
Dirac fermion defined in continuous space-time, which
may be of help in Sec. III.
Let us directly calculate the vector current for the
model described by the Lagrangian density
L = ψ¯ (iγµDµ − σ − iγ5π)ψ, (1)
where µ = 0, 1 with γ0 = σ1, γ1 = −iσ2, and γ5 = σ3 for
a d = 1 + 1 model, whereas µ = 0, · · · , 3 for a d = 3 + 1
model with γ matrices defined by
γ0 =
(
0 1
1 0
)
, γ =
(
0 −σ
σ 0
)
, γ5 =
(
1 0
0 −1
)
. (2)
These satisfy {γµ, γν} = 2gµν , where gµν =
diag(1,−1,−1,−1), and γ5 = iγ0γ1γ2γ3. The covariant
derivative under a background electro-magnetic field is
defined by Dµ = ∂µ − ieAµ(x). Note e < 0 for electrons.
We have introduced external scalar and pseudscalar fields
denoted by σ and π. This model has been studied in
Ref.1 for the fractional fermion numbers on solitons and
in Ref.37 for the CME and AHE for an antiferromagnetic
topological insulator with broken time reversal and par-
ity symmetries. In this paper, we assume that σ and π
depend on the coordinates x = (t,x) through a single
parameter θ(x) such that σ(x) = m cos θ(x) and π(x) =
m sin θ(x). Then, we readily see that σ+iγ5π = me
iγ5θ in
Eq. (1). This model is invariant not only U(1) but also
axial U(1) transformations, ψ → eiγ5αψ, ψ¯ → ψ¯eiγ5α,
and θ → θ − 2α. In what follows, we calculate the U(1)
vector current in the m→∞ limit.
The U(1) vector current is defined by
〈jµ(x)〉 = 〈0|ψ¯(x)γµψ(x)|0〉
= − lim
x′→x
tr γµ〈0|Tψ(x)ψ¯(x′)|0〉, (3)
where the propagator is given by
〈0|Tψ(x)ψ¯(x′)|0〉 = i
i /D −meiγ5θ + iǫ δ(x− x
′). (4)
The positive infinitesimal constant ǫ will be sometimes
suppressed for simplicity below. Inserting
δ(x− x′) =
∫
ddk
(2π)d
eik(x−x
′), (5)
with kx = ωt − k · x and d = 2 (4) for a 1 + 1 (1 + 3)
dimensional system, we can write Eq. (3) as
〈jµ(x)〉 =
∫
ddk
i(2π)d
e−ikxtr γµ
1
i /D −meiγ5θ + iǫe
ikx.
(6)
To calculate the topological sector of the current, it is
convenient to use the identity
1
i /D −meiγ5θ = (−i /D −me
−iγ5θ)
1
/D
2
+m2 +meiγ5θγ5/∂θ
.
(7)
In the denominator, we further have /D
2
= DµDµ −
iγµγν
2 eFµν , where Fµν = ∂µAν−∂νAµ is the field strength
of the background electro-magnetic field. Note also
e−ikx /Deikx = /D + i/k. Finally, let us make a scale trans-
formation for the momentum, kµ → mkµ, and expand
the propagator with respect to 1/m. Then, Eq. (6) be-
comes
3〈jµ(x)〉 =
∫
ddk
i(2π)d
md−2tr γµ(−i /D +m/k −me−iγ5θ) 1
1− k2 + eiγ5θγ5/∂θ/m− iγργσ2 eFρσ/m2 +O/m2
=
∫
ddk
i(2π)d
∞∑
n=0
md−1−n
(1 − k2 − iǫ)n+1 tr γ
µ
(
−i /D
m
+ /k − e−iγ5θ
)(
−eiγ5θγ5 /∂θ + iγ
ργσ
2m
eF ρσ +
O
m
)n
, (8)
where k2 = ω2 − k2 and O = 2ikµDµ + DµDµ. The topological sector of the current is associated with the terms
including γ5. For the d = 1+1 system, using (B1), it turns out that the n = 1 term in Eq. (8) survives in the m→∞
limit. Thus, we have
〈jµ(x)〉 =
∫
d2k
i(2π)2
tr γµγ5γ
ν∂νθ
(1 − k2 − iǫ)2 +O(m
−1) =
1
2π
ǫµν∂νθ, (9)
where we have used Eq. (B3). For the d = 3 + 1 system, using (B2), we see that among terms with γ5, only those
included in the n = 2 term in Eq. (8) survive,
〈jµ(x)〉 =
∫
d4k
i(2π)4
m
(1− k2 − iǫ)3 tr γ
µ · 2γ5γν∂νθ iγ
ργσ
2m
eF ρσ + O(m
−1) = − e
8π2
ǫµνρσ(∂νθ)Fρσ . (10)
This result can be written more explicitly as
ρ(x) =
−e
4π2
∇θ(x) ·B(x),
j(x) =
e
4π2
[
θ˙(x)B(x) +∇θ(x) ×E(x)
]
. (11)
Thus, we have reached the known result.2,7 In the next
section, we use a similar method to calculate the current
for the Wilson-Dirac model.
III. WILSON-DIRAC MODEL
In this section, we calculate the U(1) current density
for the Wilson-Dirac model based on a similar technique
demonstrated in Sec. II.
A. Lattice action
We consider the Wilson-Dirac Hamiltonian7 defined on
the 1D or 3D regular lattices,
H =
∑
x
ad−1ψ†(t,x)H(t,x)ψ(t,x),
H(t,x) ≡ −iα ·DL − β
(
m
a
eiγ5θ +
ba
2
∆L
)
, (12)
where a is the lattice constant, and α and β are given by
the γ-matrices in Sec. II, α = βγ and β = γ0. The mass
is written bym/a, wherem is a dimensionless parameter.
We will keep m finite as a → 0. This corresponds to
taking m→∞ limit in the continuum theory in Sec. II.
The lattice operators are introduced by
DLj =
1
2
(∇j +∇∗j ), ∆L =
1
a
∑
j
(∇j −∇∗j ), (13)
where the forward and backward covariant differences are
defined by
∇jψ(t,x) = 1
a
[
Uj(t,x)ψ(t,x+ ajˆ)− ψ(t,x)
]
,
∇∗jψ(t,x) =
1
a
[
ψ(t,x)− U †j (t,x− ajˆ)ψ(t,x− ajˆ)
]
,
(14)
with the gauge field Uj(t,x) = e
−ieaAj(t,x), and jˆ stands
for the unit vector in the j direction. The term associated
with the Laplacian on the lattice, ∆L, is the Wilson term
originally introduced to avoid the doubling of fermions.
It violates the axial U(1) symmetry and is the origin of
the axial anomaly. In the condensed matter physics lit-
erature, it is known to control the topological property
of the ground state. In this paper, we consider the case
b > 0. We derive the current of the lattice model in the
limit a → 0 in a way similar to the continuum model in
Sec. II.
We treat time t as continuous variable, so that the
lattice action reads
S =
∫ ∞
−∞
dt
∑
x
ad−1ψ¯(x)
(
i /D
L − m
a
eiγ5θ − ba
2
∆L
)
ψ(x),
(15)
where x = (t,x) and the covariant derivative with respect
to t is the same as that in the continuum model, D0 ≡
DL0 = ∂0 − ieA0.
The fermion propagator on the lattice is
〈0|Tψ(x)ψ¯(x′)|0〉
=
1
i /D
L − ma eiγ5θ − ba2 ∆L + iǫ
i
ad−1
δ(t− t′)δx,x′ ,
(16)
4where ǫ is a positive infinitesimal constant to implement
the time ordering, which will be sometimes suppressed
for simplicity below. This follows from the identity
0 =
1
Z
∫
DψDψ¯ δ
δψ¯(x)
[
eiSψ¯(x′)
]
= iad−1
(
i /D
L − m
a
eiγ5θ − ba
2
∆L
)
〈ψ(x)ψ¯(x′)〉
+ δ(t− t′)δx,x′ . (17)
B. Conserved U(1) current
The action (15) is invariant under the gauge transfor-
mation
ψ′(x) = Λ(x)ψ(x),
ψ¯′(x) = ψ¯(x)Λ†(x),
eA′0(x) = eA0(x) − iΛ†(x)∂0Λ(x),
U ′j(x) = Λ(x)Uj(x)Λ
†(x + ajˆ). (18)
For the U(1) gauge theory, the conserved current density
can be obtained by considering an infinitesimal gauge
transformation, Λ(x) = 1 + iλ(x), which induces
δA0(x) = ∂0λ(x),
δUj(x) = −ia (∂jλ(x))Uj(x),
δU †j (x− ajˆ) = ia
(
∂∗j λ(x)
)
U †j (x− ajˆ), (19)
where we have introduced the forward and backward dif-
ferences by
∂jλ(x) =
1
a
[
λ(x + ajˆ)− λ(x)
]
,
∂∗j λ(x) =
1
a
[
λ(x) − λ(x − ajˆ)
]
. (20)
It is only in this subsection III B to use the symbols ∂j
and ∂∗j as differences. The change of the action (15)
under the infinitesimal gauge transformation reads
δS =
∫
dt
∑
x
ad−1
{
ψ¯(x)iγ0 [−ieδA0(x)]ψ(x) + i
2a
ψ¯(x)
∑
j
γj
[
δUj(x)ψ(x + ajˆ)− δU †j (x− ajˆ)ψ(x− ajˆ)
]
− b
2a
ψ¯(x)
∑
j
[
δUj(x)ψ(x + ajˆ) + δU
†
j (x− ajˆ)ψ(x − ajˆ)
]}
. (21)
Substituting the infinitesimal gauge transformation (19) into the above equation and using the relations∑
x ∂jf(x)g(x) = −
∑
x f(x)∂
∗
j g(x), and ∂jf(x) = ∂
∗
j f(x+ ajˆ), we have
δS = −
∫
dt
∑
x
ad−1λ(x)
{
∂0
[
ψ¯(x)γ0ψ(x)
]
+
1
2
∑
j
∂∗j
[
ψ¯(x)γjUj(x)ψ(x + ajˆ) + ψ¯(x+ ajˆ)γ
jU †j (x)ψ(x)
]
+
ib
2
∑
j
∂∗j
[
ψ¯(x)Uj(x)ψ(x + ajˆ)− ψ¯(x + ajˆ)U †j (x)ψ(x)
] }
≡ −
∫
dt
∑
x
ad−1λ(x)
[
∂0j
0(x) +
∑
l
∂∗l j
l(x)
]
, (22)
where ∂0 = ∂t is the derivative with respect to t and ∂
∗
j is the backward difference operator in Eq. (20). Thus, we
reach the conserved U(1) current density
j0(x) = ψ¯(x)γ0ψ(x),
jl(x) = ψ¯(x)γlψ(x) +
a
2
[
ψ¯(x)γl∇lψ(x) + ψ¯(x)←−∇ lγlψ(x)
]
+
iba
2
[
ψ¯(x)∇lψ(x) − ψ¯(x)←−∇ lψ(x)
]
, (23)
where repeated l in the middle term on the rhs of the
second equation is not summed. We have also defined
aψ¯(x)
←−∇ l ≡ ψ¯(x+ alˆ)U †(x)− ψ¯(x). (24)
While the charge density is the same as that of the con-
tinuum theory, the current density includes lattice effects
described by the differences. In what follows, we calcu-
late the charge density and current density, separately.
5C. Charge density in the continuum limit
The computation of the charge density j0(x) is much
simpler than that of the current density, since we have
regarded t as continuous variable. Therefore, let us first
start with the charge density,
〈j0(x)〉 = 〈0|ψ¯(x)γ0ψ(x)|0〉
= lim
x′→x
(−)tr 〈0|Tγ0ψ(x)ψ¯(x′)|0〉. (25)
This can be calculated in a way similar to the continuum
model. Namely, substituting the propagator (16) and
inserting the plane-wave representation of the δ function,
we have
〈j0(x)〉 = lim
x′→x
tr γ0
1
i /D
L − ma eiγ5θ − b2a∆L + iǫ
−i
ad−1
δ(t− t′)δx,x′
=
1
ad−1
∫ ∞
−∞
dω
2πi
∫ π
−π
dd−1k
(2π)d−1
e−i(ωt−
k·x
a
)tr γ0
1
i /D
L − ma eiγ5θ − b2a∆L + iǫ
ei(ωt−
k·x
a
)
=
1
ad−1
∫ ∞
−∞
dω
2πi
∫
dd−1k
(2π)d−1
e−i
kx
a tr γ0
1
ia /D
L −meiγ5θ − b2a2∆L + iǫ
ei
kx
a , (26)
where in the last line, we have rescaled ω → ω/a, and kx
stands for the abbreviation of ωt−k·x. We will carry out
the above integral in the limit a→ 0, implying the large
mass limit m/a → ∞ in the continuum model. Notice
that
e−i
kx
a a∇jei kxa = e−ikja∇j + e−ikj − 1,
e−i
kx
a a∇∗jei
kx
a = eikja∇∗j − eikj + 1, (27)
where j denotes the spatial direction. Therefore, in the
limit a→ 0, the difference becomes
e−i
kx
a aDLj e
i kx
a = −i sinkj + cos kjaDj +O(a2)
≡ −isj + aD˜j +O(a2), (28)
where Dj in the first line is the covariant derivative in
the continuum limit in Sec. II, and in the second line,
the abbreviations sj (and cj) mean sj ≡ sin kj (and cj =
cos kj), and repeated j in the definition of D˜j = cjDj is
not summed. As for the time component, we simply have
e−i
kx
a aDL0 e
i kx
a = iω + aD0 ≡ is0 + aD˜0. (29)
Thus, the differences DLµ in Eqs. (28) and (29) are sum-
marized as
e−i
kx
a aDLµe
i kx
a = isµ + aD˜µ +O(a
2), (30)
where sµ = (ω,−sj), and D˜µ = cµDµ (no summation
over µ) with cµ = (1, cj). Likewise, the Laplacian on the
lattice becomes
e−i
k·x
a a2∆Lei
k·x
a = 2
d−1∑
j=1
(cos kj − 1− i sin kjaDj) +O(a2)
= 2
(
cs − iaD˜s
)
+O(a2), (31)
where cs =
∑d−1
j=1(cj − 1) and D˜s ≡
∑d−1
j=1 sjDj . Using
these, the propagator in Eq. (26) can be written as
e−i
kx
a
1
ia /D
L −meiγ5θ − b2a2∆L
ei
kx
a =
1
i(i/s+ a /˜D)−meiγ5θ − b(cs − iaD˜s)
=
{
−i(i/s+ a /˜D)−me−iγ5θ − b(cs − iaD˜s)
}
× 1
µ2 − s2 +meiγ5θγ5a/˜∂θ −mbe−iγ5θγ5a∂˜sθ − iγργσ2 ea2F˜ρσ + ibγρea2F˜ρ,s + O˜
, (32)
where s2 = ω2 − s2, ∂˜µ ≡ cµ∂µ (no sum over µ), ∂˜s =∑d−1
j=1 sj∂j , and
µ2 = m2 sin2 θ + (m cos θ + bcs)
2. (33)
We have also introduced two kinds of the field strength:
First, F˜µν ≡ cµcνFµν (no sum over µ, ν) which follows
6from
[D˜µ, D˜ν ] = −ieF˜µν , (34)
and second, F˜µ,s ≡
∑3
j=1 cµsjFµj (no sum over µ) com-
ing from
[D˜µ, D˜s] = −ieF˜µ,s, (35)
where Fµν is the field strength of the electro-magnetic
field in the continuum model defined in Sec. II. In Eq.
(32) the other operators without γ-matrices are sim-
ply denoted as O˜ ≡ a2D˜µD˜µ + 2isµaD˜µ − b2(a2D˜2s +
2icsaD˜s)− 2imb cos θaD˜s. Furthermore, we have ignored
the O(a2) terms in Eqs. (30) and (31) since they do not
contribute to the charge density in the continuum limit.
For sufficiently small a, we can expand the denomina-
tor on the rhs of Eq. (32). The charge density (26) then
can be written as
〈j0(x)〉 = 1
ad−1
∫ ∞
−∞
dω
2πi
∫
dd−1k
(2π)d−1
∞∑
n=0
1
(µ2 − s2 − iǫ)n+1 tr γ
0
(
/s −me−iγ5θ − bcs − ia /˜D + iaD˜s
)
×
(
−meiγ5θγ5a/˜∂θ +mbe−iγ5θγ5a∂˜sθ + iγ
ργσ
2
ea2F˜ρσ − ibγρea2F˜ρ,s + O˜
)n
. (36)
This equation for the lattice Wilson-Dirac fermion corresponds to Eq. (8) for the continuum Dirac fermion.
1. d = 1 + 1 system
We are interested in the terms with γ5 in Eq. (36) which survive in the limit a→ 0. Due to Eq. (B1), it is enough
to consider the n = 1 term in Eq. (36).
〈j0(x)〉 = 1
a
∫ ∞
−∞
dω
2πi
∫ π
−π
dk1
2π
tr γ0
(
/s−me−iγ5θ − bcs
)
(−maγ5)
(
eiγ5θ /˜∂θ − be−iγ5θ∂˜sθ
)
(µ2 − s2 − iǫ)2 . (37)
It turns out that the trace in the numerator of the above equation yields
(−ma)
[
tr γ5γ
0
(
me−iγ5θ + bcs
)
eiγ5θ /˜∂θ − btr γ5γ0/se−iγ5θ∂˜sθ)
]
= 2am
[
(m+ bcs cos θ)c1 + b cos θs
2
1
]
ǫ01∂1θ. (38)
The denominator becomes µ2 − s2 = µ2 + s2 − ω2 ≡
Ω2(k1, θ) − ω2, where we have introduced a generic ex-
pression for later convenience,
Ω2(k, θ) ≡ s2 + µ2
=
d−1∑
j=1
s2j +m
2 sin2 θ +
m cos θ + b d−1∑
j=1
(cj − 1)
2 .
(39)
Note d = 2 in the present 1D system. Then, using the
integration over ω in Eq. (B6), we finally obtain
〈jµ(x)〉 = G1(θ)ǫµν∂νθ, (40)
where we have derived the µ = 0 charge density in this
subsection, although Eq. (40) is valid for the µ = 1
current density, as we will show in Appendix A, and we
have introduced
Gd−1(θ) = Nd−1
∫ π
−π
dd−1k
Θ(k, θ)
Ωd+1(k, θ)
,
Θ(k, θ) ≡ m
m+ b d−1∑
j=1
(sec kj − 1) cos θ
 d−1∏
j=1
cos kj ,
(41)
with N1 = 1/(4π). It should be noted that Gd−1(θ) is in-
dependent of the electro-magnetic field, and furthermore,
it depends on x only through θ. Thus,∫ 2π
0
G1(θ)dθ = c1 (42)
does not depend on x any longer. This is nothing but the
first Chern number, which can also be computed using
the wave functions of the Wilson-Dirac Hamiltonian (12).
See Sec. III D.
In the case of θ = θ(x), Eq. (40) as well as Eq. (9)
have attracted much interest as the topological number
7on solitons in quantum field theory.1,7 On the other hand,
when θ = θ(t), we nowadays know that they describe the
topological pump, which is of current interest. Both phe-
nomena mentioned above are related with the anomaly
in two dimensional Dirac fermions, as will be discussed
in Sec. V.
2. d = 3 + 1 system
We are also interested in the terms with γ5 in Eq. (36)
which survive in the limit a→ 0. Considering Eq. (B2),
it is enough to take the n = 2 term in Eq. (36) into
account.
〈j0(x)〉 = 1
a3
∫ ∞
−∞
dω
2πi
∫
d3k
(2π)3
1
(µ2 − s2 − iǫ)3
× tr γ0 (/s−me−iγ5θ − bcs)(−meiγ5θγ5a/˜∂θ +mbe−iγ5θγ5a∂˜sθ + i
2
γργσea2F˜ρσ − ibγρea2F˜ρ,s
)2
. (43)
Among various terms in the above equation associated with the trace of the γ matrices, the product terms between
∂θ and F˜ give finite contributions, which have indeed a3,
ea3
{
tr γ0(−me−iγ5θ − bcs)(−meiγ5θγ5a/˜∂θ)(iγργσF˜ρσ) + tr γ0/smbe−iγ5θγ5∂˜sθ(iγργσF˜ρσ)
+ 2tr γ0/s(−meiγ5θγ5 /˜∂θ)(−ibγρF˜ρ,s)
}
= −mea3
{
i(m+ bcs cos θ)tr γ5γ
0( /˜∂θ)γργσF˜ρσ − ib cos θtr γ5γ0/s∂˜sθγργσF˜ρσ − 2ib cos θtr γ5γ0/s /˜∂θγρF˜ρ,s
}
= −4ea3m
m+ b 3∑
j=1
(sec kj − 1) cos θ
 3∏
j=1
cos kj
 ǫ0νρσ(∂νθ)Fρσ . (44)
Thus, we finally reach
〈jµ(x)〉 = −eG3(θ)
4π
ǫµνρσ∂νθ(x)Fρσ(x), (45)
where we have derived the µ = 0 charge density in this
subsection, although Eq. (45) is valid for the µ = 1, 2, 3
current density, as we will show in Appendix A. G3(θ)
is defined by Eq. (41) with N3 = 3/(8π
2), which follows
from Eq. (B7). Note that integration of G3(θ) over θ
gives the second Chern number∫ 2π
0
G3(θ)dθ = c2. (46)
It should be stressed here that G3(θ) does not depends
on the electro-magnetic field. The limit a → 0 implies,
therefore, small field limit as well. The Chern number
c2 is alternatively calculated using the Berry curvature
with respect to the eigenfunctions of the Wilson-Dirac
Hamiltonian with zero fields. See Ref.7 or47, and also
Sec. III D.
Equation (45) or its continuum version (10) show the
topological magneto-electric effects, including CME and
AHE. For Weyl semimetals, θ is induced by the Zeeman
term violating time reversal symmetry and/or energy
imbalance between the Weyl nodes breaking the inver-
sion symmetry. In contrast, for the present Wilson-Dirac
fermion, θ describes a rotation between two kinds of mass
terms which keeps a finite mass gap in the spectrum.
Regardless of whether the system is massless or massive,
the magneto-electric effects are associated with the chiral
anomaly, as will be discussed in Sec. V.
k1 k2 ξ3Ω Θ(k1, θ)
0 0 m m2
pi 0 m− 2b −m(m− 2b)
0 pi −m m2
pi pi −m− 2b −m(m+ 2b)
TABLE I: List of ξ3Ω = m cos k2+b(cos k1−1) and Θ(k1, θ) =
m[m+ b(sec k1 − 1) cos k2] cos k1 at kµ = 0 or pi.
8D. Chern numbers
For the study of the temporal pump in the next sec-
tion IV, we need an explicit value of the Chern num-
ber. Therefore, we calculate the first and second Chern
numbers in Eqs. (42) and (46). Fortunately, the Wilson-
Dirac model is so simple that one can calculate the second
Chern number exactly.
1. First Chern number
We can regard k1 and k2 ≡ θ as the coordinates of a
two-dimensional torus T2. A mapping f from T2 to S2
can be defined by
ξ1 =
sin k1
Ω(k1, θ)
, ξ2 =
m sin θ
Ω(k1, θ)
,
ξ3 =
m cos θ + b(cos k1 − 1)
Ω(k1, θ)
, (47)
where Ω(k1, θ) is given by Eq. (39) for d = 2. It is
known that the Chern number is the degree of the map-
ping which can be computed by
deg f =
1
Vol(S
2
)
∫
1
2!
ǫαβγξαdξβdξγ , (48)
where Vol(S
2
) = 4π and dξα is the coordinate differential
1-form. Indeed, it is not difficult to rewrite Eq. (48) by
kµ (µ = 1, 2) to show deg f = c1, where c1 is given by
the lhs of Eq. (42) with G1(θ) in Eq. (41).
It is readily seen that only the points kµ = 0 or π on
T2 are mapped to ξ± = (0, 0,±1) on S2. The degree of
the mapping f is then given by
deg f =
∑
k∈f−1(ξ+)
sgn [Θ(k1, θ)] , (49)
where Θ(k1, θ) is defined in Eq. (41) for d = 2. From
Table I, we can read the coordinates kµ mapped to ξ+
with its degree of mapping (or winding number) ±1. For
example, when 0 < m < 2b, only (0, 0) is mapped to ξ+
with a positive winding number m2 > 0, whereas others
(0, π), (π, 0), and (π, π) are mapped to ξ−. Thus, we find
c1 = 1 in this case. The other cases are likewise. Thus,
Table I leads to
deg f = c1 =
{
+1 (0 < |m| < 2b)
0 (2b < |m|) . (50)
2. Second Chern number
The second Chern number can be obtained by extend-
ing the computation of the first Chern number for the S2
(k1, k2, k3) k4 ξ5Ω Θ(k, θ)
no pi 0 m m2
one pi 0 m− 2b −m(m− 2b)
two pi 0 m− 4b m(m− 4b)
three pi 0 m− 6b −m(m− 6b)
no pi pi −m m2
one pi pi −m− 2b −m(m+ 2b)
two pi pi −m− 4b m(m+ 4b)
three pi pi −m− 6b −m(m+ 6b)
TABLE II: List of ξ5Ω = m cos k4 + b
∑
3
j
(cos kj − 1) and
Θ(k, θ) = m[m + b
∑
3
j
(sec kj − 1) cos k4]
∏
3
j
cos kj at kµ = 0
or pi. “no pi” in the first column means all kµ = 0, whereas
“one pi” means that one of kµ = pi and others are 0, and so
on.
to S4. Let us introduce ξµ (µ = 1, · · · , 5) by
ξj =
sin kj
Ω(k, θ)
, (j = 1, 2, 3), ξ4 =
m sin θ
Ω(k, θ)
,
ξ5 =
m cos θ + b
∑3
l=1(cos kl − 1)
Ω(k, θ)
, (51)
where Ω(k, θ) is defined in Eq. (39) for d = 4. These
define a mapping f from T4 spanned by (k1, k2, k3, θ ≡
k4) to S
4 spanned by ξµ satisfying ξ
2
µ = 1. The Chern
number is the degree of the mapping given by
deg f =
1
Vol(S
4
)
∫
1
4!
ǫαβγδǫξαdξβdξγdξδdξǫ, (52)
where Vol(S4)= 8π2/3. It is straightforward to rewrite
Eq. (52) by kj and θ to show deg f = c2, where c2 is
given by the lhs of Eq. (46) with G3(θ) in Eq. (41). It
is readily seen that the points kµ = 0 or π on T
4 are
mapped to ξ± = (0, 0, 0, 0,±1) on S4. The degree of the
mapping f is then given by
deg f =
∑
k∈f−1(ξ+)
sgn [Θ(k, θ)] , (53)
where Θ(k, θ) is defined in Eq. (41) for d = 4. Thus, the
second Chern number can be obtained from Table II in
the similar way to the first Chern number:
deg f = c2 =

+1 (0 < |m| < 2b)
−2 (2b < |m| < 4b)
+1 (4b < |m| < 6b)
0 (6b < |m|)
. (54)
IV. MAGNETO-ELECTRIC PUMP
In Secs. III C and A, we have established the U(1)
current (45) in the 3D Wilson-Dirac model. This result
is obtained in the limit a → 0. It also implies that the
result is valid only in a weak field limit. On the other
hand, the pump is topological so that the result may be
9valid as long as the mass gap is open. To check this point,
we study the pump by numerical calculations. In this
section, we restrict our discussions to the 3D temporal
particle pump.
A. 3D pump
Assume that the electro-magnetic field is static, and
consider the case in which θ depends only on t, θ = θ(t)
with a period T , θ(t+T ) = θ(t). When 1/T ≪ m, we can
regard the process of changing t as an adiabatic process.
Then, integration of Eq. (45) over t in one period yields
the pumped particle density
q(x) = e
c2
2π
B(x), (55)
where c2 is the second Chern number defined in Eq. (46)
and explicitly given by (54). We have stressed there that
the second Chern number (46) is that of the Wilson-Dirac
model in zero field limit. Namely, the Chern number
can be computed directly using the eigenfunctions of the
Hamiltonian without the magnetic field.
Without loss of generality, we assume the magnetic
field in the z direction, (0, 0, B). The total pumped par-
ticle number Qz can be defined by integrating over the
xy surface,
Qz = ec2
Φ
2π
, (56)
where Φ is the total flux penetrating the surface of an
area under consideration. This integration can be simply
carried out, since c2 is independent of B, as stressed al-
ready. For numerical computations, we further consider
a simpler case where the magnetic field B is uniform, and
system is periodic in xy surface whose size in the x (y)
direction is Nx (Ny). Then, Φ = Ba
2NxNy, and the flux
per plaquette should be rational
|e|φ = |e|Ba2 = 2πp
q
≡ φ0, (57)
where p and q(> 0) are integers describing a rational
magnetic flux per plaquette.48–50 Thus, it turns out that
the total pumped particle number Qz is given by
Qz = sgn(e)c2
Ba2NxNy
2π
= sgn(e)c2
p
q
NxNy. (58)
The elementary pump is due to a nonzero second Chern
number, and pNxNy/q can be considered as the geomet-
rical multiplicity of pumped particles associated with the
magnetic flux.
B. 3D pump as a set of 1D pump
The magneto-electric pump discussed so far has deep
relationship with the chiral anomaly, so that the 3 + 1
dimensionality plays a crucial role. However, the pump-
ing itself is toward one direction of the applied magnetic
field, and hence, it can also be viewed as a 1D pump. In
this section, we derive the pumped particle number by
the Thouless formula for the 1D pump.12,51
Consider the snapshot (for a fixed t, i.e., fixed θ)
many-body ground state eigenfunction obeying H |Ψn〉 =
En|Ψn〉. We assume that |Ψ0〉 is the ground state and
have a spectral gap En(t)−E0(t) > 0 at any time during
the pump. Then, the ground state |G〉 which satisfies the
time-dependent Schro¨dinger equation at the first order of
~ is given by
|G〉 = e− i~
∫
t E0dt
|Ψ0〉+ i~∑
n6=0
|Ψn〉〈Ψn|Ψ˙0〉
En − E0
 . (59)
For non-interacting case, it is enough to consider the
single particle states. Let H(θ,k;B) be the Fourier-
transformed Hamiltonian given by Eq. (12), and let
ψ(θ,k;B) be the ground state (i.e., negative energy) mul-
tiplet wave functions of single-particle states satisfying
H(θ,k;B)ψ(θ,k;B) = ψ(θ,k;B)E(θ,k;B), (60)
where E(θ,k,B) is the diagonal matrix of the energy
eigenvalues.
Let us now consider the case where uniform magnetic
field is applied in the z direction, as studied in Sec. IVA.
Regarding kx and ky as parameters, the current toward
the z direction, Jz, with respect to the state Eq. (59) is
given by12
〈Jz〉 =
∫ 2π
0
dkz
2πi
f(θ, kz ; kx, ky, B), (61)
where f(θ, kz ; kx, ky , B) ≡ ∂kzψ†∂θψ − ∂θψ†∂kzψ is the
Berry curvature with respect to θ and kz with fixed kx
and ky. Integrating 〈Jz〉 with respect to t in one period
as well as with respect to kx and ky, we obtain the total
number of pumped particle,
Qz =
∑
kx,ky
c1(B), (62)
where
c1(B) =
1
2πi
∫ 2π
0
dθ
∫ 2π
0
dkzf(θ, kz ; kx, ky, B), (63)
is the first Chern number on the section specified by fixed
kx, ky. However, it should be noted that the Chern num-
ber c1(B) does depend on the applied magnetic field, but
does not depend on kx (k˜x) and ky, provided that the
mass gap always opens.
When we compute the eigenfunctions in the Landau
gauge Uj(t,x) = e
−ieaAj(t,x) with
eA(x) = (0, sgn(e)φ
x
a
, 0), (64)
10
we can take the q sites in the x-direction as a unit cell,
and therefore, we set Nx = qN˜x for the periodic bound-
ary condition. In this case, ky = 2πny/Ny with ny =
1, · · · , Ny , whereas k˜x = 2πnx/N˜x with nx = 1, · · · , N˜x.
It follows from Eq. (62) and from the fact that c1(B) is
independent of kx and ky that
Qz = c1(B, sgn(e))N˜xNy, (65)
where in Eq. (62) kx is replaced by k˜x, and the de-
pendence of c1 on the sign of the charge e through Eq.
(64) has been explicitly denoted. Comparing Eq. (58),
we have a simple relationship between the second Chern
number c2 in the zero magnetic field and c1 in the mag-
netic field B,
c1(B, sgn(e)) = sgn(e)c2p, (66)
where p is given by Eq. (57). This relation may be
useful for computing the second Chern number, since the
numerical method of computing the first Chern number
has already been established.52
FIG. 1: The Hofstadter butterfly diagrams for fixed θ = 0
and for m = b (upper) and m = 3b (lower). We set q = 50,
and the system size is N˜x = 1 and Ny = Nz = 50(= q).
We show in Table III the list of the section Chern num-
ber c1(B) in (63) for various φ0, and in Fig. 1 the cor-
responding Hofstadter butterfly diagrams.48 The Hofs-
tadter diagrams tell that the mass gap at φ0 = 0 becomes
smaller as a function of φ0, and eventually closed around
m = b m = 3b
p
q
c1
p
q
c1
p
q
c1
p
q
c1
p
q
c1
p
q
c1
1
20
1 1
20
−2
2
20
2 1
10
1 2
20
−4 1
10
−2
3
20
3 3
20
−6
4
20
4 2
10
2 1
5
1 4
20
−8 2
10
−4 1
5
−2
TABLE III: The (section) first Chern number (63) computed
on the discretized (θ, kz) Brillouin zone
52 in the case e < 0
for several p
q
= φ0
2pi
.
φ0 ∼ π/2 for both cases m = b and m = 3b. Thus, it
turns out from the Table III that the relationship (66) is
indeed valid as long as the mass gap is finite. This im-
plies the absence of the higher order corrections for the
chiral anomaly.53
C. Bulk-edge correspondence
So far we have discussed the topological property of
the bulk system. In this subsection, we discussed the
surface states of the 3D topological pump, considering a
system with boundaries. In Ref.46, the bulk-edge corre-
spondence in the 1D Thouless pump has been discussed.
Consider the system with boundaries. Then one can de-
fine the center of mass of the occupied particles.45 It has
been shown that the change of the center of mass is just
the number of pumped particle.45 Consider here a sys-
tem coupled with a particle reservoir. Then, the center
of mass as a function of time shows discontinuity due
to sudden change of the ground state when the chemi-
cal potential crosses the edge states.46 After one period,
the center of mass returns to the initial value. This im-
plies that the amount of pumped particles in the bulk
are compensated by these discontinuities. Thus, from the
discontinuities, one can know the number of the pumped
particle.46
Consider the Wilson-Dirac Hamiltonian with bottom
and top surfaces, labeled by jz = 0 and jz = Nz, respec-
tively, perpendicular to the z axis. Let ψn(θ, k˜x, ky;B)
be the nth normalized eigenfunction of the Hamiltonian
with the boundaries H(θ, k˜x, ky;B), where we have as-
sumed the Landau gauge in Sec. IVB. Then, we can
define the normalized center of mass of the ground state
along the z axis as
pz(θ) =
1
pN˜xNy
∑
n occ.
∑
k˜x,ky
Nz∑
jz=0
(
jz
Nz
− 1
2
)
|ψnjz (θ, k˜x.ky)|2,
(67)
where the normalization factor is due to the multiplicity
associated with the total flux in Eq. (58). It follows
from Eq. (58) that the normalized center of mass gives
the second Chern number
c2 = −sgn(e) [ sum of discontinuities of pz(θ)] . (68)
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FIG. 2: Upper two figures show the spectra as the function of θ of the Wilson-Dirac model for electrons (e < 0) with top and
bottom surfaces of width Nz = 20 under p/q = 1/10 magnetic flux per plaquette. Lower two figures show the normalized center
of mass defined by pz(θ). (a) and (b) are for the mass m = b and (c) and (d) are for the mass m = 3b. The discontinuities are
(b) pz(+0)− pz(−0) = 0.981 and (d) −1.938, which suggest that c2 = 1 and −2.
In Fig. 2, we show the spectral flow as a function of θ
and the normalized center of mass pz(θ). In both cases
in Fig. 2, the structure of the vacuum (negative energy
states) changes at θ = 0, and shows the discontinuity in
the center of mass, from which the second Chern number
can be obtained. The result is consistent with Eq. (54).
D. Generalized Streda formula
For reference, we here present a method of comput-
ing the second Chern number based on the generalized
Streda formula.47 Without an electro-magnetic field, the
Wilson-Dirac Hamiltonian (12) in the momentum space
reads
H(k) =Γj sinkj +mΓ4 sin k4
− Γ5
m cosk4 + b 3∑
j=1
(cos kj − 1)
 , (69)
where we have introduced k4 = θ, and new hermitian Γ
matrices Γj = αj (j = 1, 2, 3), Γ4 = −iβγ5, and Γ5 = β,
with {Γµ,Γν} = 2δµν . Now let us regard k4 as the fre-
quency of discrete imaginary time. Then, we can recon-
struct an equivalent lattice fermion such that
H =ΓjDLj +mΓ4DL4 − Γ5
[
m
2
(∆L4 + 2) +
ba
2
∆L
]
, (70)
where DL4 ≡ (∇4 + ∇∗4)/2 and ∆L4 = (∇4 − ∇∗4)/a are
defined for the new coordinate x4 in the same way as
Eqs. (13) and (14).
Using this four dimensional Hamiltonian, one can de-
fine the overlap Dirac operator,54,55 which obeys the
Ginsparg-Wilson relation.56 This enables us to define
the chiral anomaly on the lattice.57–59 Taking the con-
tinuum limit, it indeed reproduces the chiral anomaly
in arbitrary dimensions with a nontrivial Chern num-
ber as a coefficient.60 It has been shown that the chiral
anomaly thus obtained is given by the spectral asymme-
try of the above Hamiltonian, and hence one can com-
pute the second Chern number from the spectral flow of
the Hamiltonian.47 This is referred to as the generalized
Streda formula. In what follows, we use N− rather than
the spectral asymmetry η = (N+ −N−)/2, where N± is
the number of positive and negative energy states.
Consider the system which includes a static and uni-
form magnetic field in the x3 = z direction, as studied
in Secs. IVA, IVB, and IVC, and introduce a fictitious
electric field associated with the imaginary time x4 direc-
tion. As shown in Ref.47, the density of occupied (nega-
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FIG. 3: Upper figure shows the Hofstadter diagram of the
Hamiltonian (70) as a function of the magnetic flux per pla-
quette (57). The parameters are q = 50, Ny = Nz = 6, q˜ = 6,
and p˜ = 1 is fixed, whereas p is changed by ∆p = 1. The
model parameter is m = 3b. Lower figure shows the differ-
ence of the number of the negative energy states defined in
the rhs of Eq. (74).
tive energy) states
n− =
1
2V
Tr
(
1− H√H2
)
=
N−
V
(71)
of the Hamiltonian (70) as a function of the magnetic
field yields the second Chern number,
∂n−
∂(B ·E) = −
c2
(2π)2
, (72)
where E is the fictitious electric field. To be concrete,
assume that the magnetic field is included in the Landau
gauge in Sec. IVB. The fictitious electric field is also
included in the z direction such that
eA(x) = (0, sgn(e)φ
x
a
, sgn(e)φ˜
x4
a
), (73)
where φ˜ = 2πp˜/q˜, gives the fictitious electric field
(0, 0, E) such that E = −∂Az/∂x4 = −sgn(e)φ˜/a2. For
numerical calculations, we set the system size as q, Ny,
Nz, and q˜ sites for x, y, z, and x
4 directions, respectively,
with periodic boundary conditions imposed in all direc-
tions. Then, the volume of the system is V = qNyNz q˜a
4,
and therefore,
c2 = −(2π)2 ∆N−
qNyNz q˜a4∆(BE)
=
∆N−
NyNz p˜∆p
, (74)
where ∆p = 1, and we have assumed that the electric field
is fixed. In Fig. 3, we show the spectrum as a function
φ0, and corresponding difference of the density of the
occupied states. This figure tells that the the second
Chern number is c2 = −2, consistent with the previous
results. In passing, we mention that in the case m = b,
we can also reproduce c2 = 1 in the same manner.
The Hofstadter diagram in Fig. 3 is different from
that in Fig. 1, since the former includes a finite fictitious
electric field. In other words, such a difference enables
us to compute the second Chern number. Without the
fictitious electric field, the anomaly is trivially vanishing.
V. SUMMARY AND DISCUSSION
In summary, we studied mainly the 3D topological
pump analytically and numerically in detail in this pa-
per. We introduced a variant of the Wilson-Dirac model
defined on the spatial lattice but in continuous time, in-
cluding two kinds of mass terms depending generically on
x as well as t. We derived the conserved current density
on the lattice and calculate it in the continuum limit, or
in other words in the small field limit. For the temporal
pump, the result was checked by numerical calculations
from various methods as follows.
Firstly, the 3D pump governed by the second Chern
number (56) or (58) can be viewed as a set of 1D pump
described by the first Chern number (62) or (65). It
should be noted that the latter description is valid even
in a strong magnetic field as long as the mass gap is open.
Both results lead to the relationship between two Chern
numbers (66). We showed by the numerical calculation
of the first Chern number using the Berry curvature of
the wave functions that Eq. (66) is valid in a strong mag-
netic field regime up to the gap closing point. It would
be an interesting problem to ask whether the relationship
(66) is restricted only to the present system or more ap-
plicable to other cases. Since the second Chern number
is generically due to non-Abelian Berry curvature, its nu-
merical calculation is very hard, and therefore, a simple
relationship like (66) is quite helpful.
Secondly, as the Chern number description of the num-
ber of the pumped particles is for the bulk system, the
bulk-edge correspondence enables us to observe the 3D
pump as the flow of the surface states. We showed that
the bulk-edge correspondence established in a 1D pump46
can be applied to the present 3D system, and discontinu-
ities of the center of mass of the occupied particles, which
are the contribution from the surface states, reproduces
the correct number of the pumped particles. The center
of mass is one of important observables for the topologi-
cal pump:45 Indeed, in the recent experiments of the 1D
pump,13,14 the center of mass played a central role. Thus,
13
it would be expected that 3D pump can be detected ex-
perimentally using the center of mass of the occupied
particles. This would also imply the experimental obser-
vation of the chiral anomaly.
In passing, we would like to add a comment on the
effect of interactions. So far we have discussed the bulk-
edge correspondence for a particle pump of a noninteract-
ing system by observing the discontinuities of the center
of mass of the ground state in contact with a particle
reservoir. Since the present pumping is of topological
origin, small interactions cannot change the quantized
discontinuities of the center of mass. On the other hand,
for systems with strong interactions, fractional pump-
ing have been proposed for 1D systems with degener-
ate ground states.61–63 In such cases, the discontinuities
of the center of mass is not obvious, but if we intro-
duce a particle reservoir also for such systems and con-
sider the ground states with different number of particles,
we could discuss the discontinuities for the degenerate
ground states. This is because of the universality of the
bulk-edge correspondence: The bulk topological proper-
ties should be closely related with the edge states also for
interacting systems.
Thirdly, we applied the generalized Streda formula,
which is based on the chiral anomaly of the Dirac fermion,
to compute the second Chern number. Let us here men-
tion the anomaly of the present system. The current (45)
may be derived from the effective action, as has been done
in Ref.7. Although we did not directly calculate the ef-
fective action, we can derive it from the expressions of
the current (40) and (45) as follows: Let Γeff [θ, A] be the
effective action defined by
iΓeff [θ, A] = lnDet
[
(i /D −meiγ5θ)/(i /D −m)] . (75)
Then, the current can be obtained by
〈jµ(x)〉 = 1
e
δΓeff [θ, A]
δAµ(x)
, (76)
from which we have for d = 1 + 1 system
Γeff [θ, A] =
e
2
∫
d2xǫµνP1(θ)Fµν , (77)
and for d = 3 + 1 system
Γeff [θ, A] = − e
2
16π
∫
d4xǫµνρσP3(θ)FµνFρσ , (78)
where the charge polarization (d = 1+1) or the magneto-
electric polarization (d = 3 + 1), Pd−1(θ), is defined by7
Pd−1(θ) =
∫ θ
0
dθGd−1(θ). (79)
For θ = 2π, the effective action gives the chiral anomaly.
On the other hand, in Sec. IVD in this paper, we demon-
strated the manifestation of the anomaly based on a re-
lated method developed in Ref.47. Namely, we calcu-
lated the second Chern number from spectral asymme-
try of the four dimensional Hamiltonian with an elec-
tric field as well as a magnetic field. As shown in
Ref.47, the spectral asymmetry gives the chiral anomaly
of the overlap Dirac operator54,55 obeying the Ginsparg-
Wilson relation. It may be usually natural to use the
Wilson-Dirac Hamiltonian to construct the overlap op-
erator D = 1a
(
1− γ5 H√H2
)
. However, for any gapped
Hamiltonian, the overlap operator obeys the Ginsparg-
Wilson relation.56 Thus, it would be an interesting future
problem to seek the possible Hamiltonian for the overlap
operator.
Finally, we would like to add a comment on recent ob-
servations concerning the four dimensional (4D) topolog-
ical pump. In Refs.64,65, the well-known two dimensional
(2D) (or d = 1+1) topological pump models such as the
Harper pump model46 or Rice-Mele model51,66 H(k, t)
are extended to a 4D model considering the direct sum,
H(k1, t)+H
′(k2, s). This allows a simple relationship be-
tween the second Chern number that governs the topo-
logical properties of a 4D system and the first Chern
number of each 2D (or d = 1+ 1) subsystem. In spite of
some weak couplings between two subsystems in the ex-
perimental setup, the expected second Chern number has
been observed indeed. However, if the couplings become
larger, the topological change may be expected, which is
an interesting future issue to explore. To this end, we
note that for the lowest non-degenerate band studied in
Refs.64,65, the second Chern number associated with the
U(1) Berry curvature can be computed directly on the
lattice.60,67,68 Also it may be interesting to develop sev-
eral numerical techniques studied in Sec. IV for these
non-Dirac systems, or to apply the techniques of the en-
tanglement Chern number, which can separate the Chern
number into those of subsystems.69,70.
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Appendix A: Current density in the continuum limit
In this Appendix, we calculate the current density
given by Eq. (23). It is similar to the charge density,
but it includes the lattice corrections. From Eq. (23), we
need to calculate
14
〈jl(x)〉 = − lim
x′→x
tr 〈0|T
{
γlψ(x)ψ¯(x′) +
a
2
γl
[
∇lψ(x)ψ¯(x′) + ψ(x)ψ¯(x′)←−∇ ′l
]
+
iba
2
[
∇lψ(x)ψ¯(x′)− ψ(x)ψ¯(x′)←−∇ ′l
]}
|0〉,
(A1)
where the repeated l in the middle term is not summed, as have been noticed. Using the propagator (16), this can
be written as
〈jl(x)〉 = 1
ad−1
∫ ∞
−∞
dω
2πi
∫
dd−1k
(2π)d−1
e−i
kx
a tr
{(
γl +
a
2
γl∇l + iba
2
∇l
)
1
ia /D
L −meiγ5θ − b2a2∆L + iǫ
+
1
ia /D
L −meiγ5θ − b2a2∆L + iǫ
(
a
2
γl
←−∇ l − iba
2
←−∇ l
)}
ei
kx
a . (A2)
Note that in the limit a→ 0, the difference ←−∇ l becomes
e−i
kx
a a
←−∇jei kxa = eikja←−∇j + eikj − 1 = −eikjaDj + eikj − 1 +O(a2). (A3)
Using this, together with (28), we have
〈jl(x)〉 = 1
ad−1
∫ ∞
−∞
dω
2πi
∫
dd−1k
(2π)d−1
tr (γlcl + bsl)
(
/s−me−iγ5θ − bcs
)
× 1
µ2 − s2 +meiγ5θγ5a/˜∂θ −mbe−iγ5θγ5a∂˜sθ − iγργσ2 ea2F˜ρσ + ibγρea2F˜ρ,s
, (A4)
where the repeated l in the rhs is not summed, and we have already omitted irrelevant operators after the limit
a → 0 as well as after the trace over the γ matrices. Expanding the propagator in (A4) with respect to a as we did
to compute the charge density in Sec. III C, we can calculate the current density. In what follows, we briefly show
several steps of the calculations separately in d = 1 + 1 and d = 3 + 1.
1. d = 1 + 1 system
Corresponding to Eq. (37), the following expression can be obtained for the current density,
〈j1(x)〉 =1
a
∫ ∞
−∞
dω
2πi
∫
dk1
2π
tr (γ1c1 + bs1)
(
/s−me−iγ5θ − bcs
)
(−maγ5)(eiγ5θ /˜∂θ − be−iγ5θ∂˜sθ)
(µ2 − s2 − iǫ)2 . (A5)
In the numerator, the terms which survive after the trace and integration over ω are
(−ma)
[
tr γ5γ
1c1(me
−iγ5θ + bcs)eiγ5θ /˜∂θ − bs1tr γ5/seiγ5θ /˜∂θ
]
= 2am
[
(m+ bcs cos θ)c1 + bs
2
1 cos θ
]
ǫ10∂0θ. (A6)
This is nothing but Eq. (40) for µ = 1. Thus, we have established that the result in Eq. (40) is valid for any µ.
2. d = 3 + 1 system
From Eq. (A4), we obtain the following equation similar to Eq. (43),
〈jl(x)〉 = 1
a3
∫ ∞
−∞
dω
2πi
∫
d3k
(2π)3
1
(µ2 − s2 − iǫ)3
× tr (γlcl + bsl)
(
/s−me−iγ5θ − bcs
)(−meiγ5θγ5a/˜∂θ +mbe−iγ5θγ5a∂˜sθ + i
2
γργσea2F˜ρσ − ibγρea2F˜ρ,s
)2
.
(A7)
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As in the case of the charge density, the product terms between ∂θ and F˜ survive in the limit a → 0 and after the
trace over the γ matrices. To be concrete, the trace for the γ matrices yields
ea3
{
tr γlcl(−me−iγ5θ − bcs)(−meiγ5θγ5a/˜∂θ)(iγργσF˜ρσ) + tr γlcl/smbe−iγ5θγ5∂˜sθ(iγργσF˜ρσ)
+ 2tr γlcl/s(−meiγ5θγ5 /˜∂θ)(−ibγρF˜ρ,s) + bsltr /s(−meiγ5θγ5 /˜∂θ)(iγργσF˜ρσ)
}
=−mea3i
{
(m+ bcs cos θ)cltr γ5γ
l( /˜∂θ)γργσF˜ρσ − b cos θcltr γ5γl/s∂˜sθγργσF˜ρσ
− 2b cos θcltr γ5γl/s /˜∂θγρF˜ρ,s − bsl cos θtr γ5/s /˜∂θγργσF˜ρσ
}
=− 4ea3m
m+ b 3∑
j=1
(sec kj − 1) cos θ
 3∏
j=1
cos kj
 ǫlνρσ(∂νθ)Fρσ . (A8)
Thus, we finally reach Eq. (45) for µ = l, and the formula
(45) has been established for any µ.
Appendix B: Mathematical formulas
In this Appendix, we show some mathematical formu-
las used in the text.
1. Trace for γ matrices
The trace of the γ matrices including γ5 is summarized
as follows: In d = 1 + 1 dimensions,
tr γ5 = tr γ5γ
µ = 0, tr γ5γ
µγν = −2ǫµν . (B1)
In d = 3 + 1 dimensions,
tr γ5 = tr γ5γ
µ = tr γ5γ
µγν = tr γ5γ
µγνγρ = 0,
tr γ5γ
µγνγργσ = −4iǫµνρσ. (B2)
2. Integral
For the d dimensional momentum integration in the
continuum model, we use∫
ddk
i(2π)d
1
(1− k2 − iǫ)n =
Γ(n− d/2)
(4π)d/2Γ(n)
. (B3)
As to the integration over ω in the lattice model,
In ≡
∫ ∞
−∞
dω
2πi
1
(Ω2 − ω2 − iǫ)n . (B4)
we simply have in the n = 1 case,
I1 =
1
2Ω
. (B5)
Then, we have
I2 = − d
dΩ2
I1 =
1
4Ω3
, (B6)
I3 = −1
2
d
dΩ2
I2 =
3
16Ω3
. (B7)
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